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After linearization of the governing equations of the one-dimensional 
nonsteady motion of an ideal, inviscid, perfectly conducting monatomic 
compressible fluid, subjected to a transverse magnetic field, in the neigh- 
borhood of a centered simple wave flow, weakly nonisentropic perturba- 
tions are considered, and the solution for the first order terms given by 
quadratures. The results are a generalization of the work of Germain and 
Gundersen [Z]. 
I. INTRODUCTION 
Since the equations governing the motion of a perfectly conducting com- 
pressible fluid belong to the class of reducible hyperbolic equations, it is 
possible to build up a theory of simple waves somewhat parallel to that of 
ordinary gas dynamics. This was done quite elegantly by Friedrichs [l] and 
amplified by others. 
For a monatomic gas, analogs of the Riemann invariants can be determined 
explicitly. Because of the existence of a relation between the induction and the 
local speed of sound, valid for uniform or simple wave flows, it is possible 
to reduce the number of governing equations so that previous results of 
Germain and Gundersen [2] may be extended to determine the nonisen- 
tropic perturbation of a centered magnetohydrodynamic simple wave. 
In isentropic flows, simple waves are defined by the condition that the 
local sound speed, the fluid velocity, and the magnetic field are constant 
along any curve of one family of characteristics. For nonisentropic flows, 
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the same condition cannot be assumed fm the entropy. This is due to the fact 
that entropy is constant along a streamline. In addition, if entropy is constant 
along a family of characteristics, which is distinct from the streamlines, then 
the flow is isentropic. A possible solution would appear to be the assumption 
that the entropy is not constant along a simpk wave but that the local sound 
‘speed, the fluid velocity, and magnetic field are constant along a simpk wave. 
But, from Eq. (A. 15) and (A. 16) of the Appendix, it is seen that such an 
assumption is not possible so that simple waves (in the above sense) do not 
exist in nonisentropic flow. However, nonisentropic perturbations of simple 
waves in isentropic flow will be shown to exist. The procedure to be followed 
is to first write the basic equations in characteristic form. For isentropic 
flow, analogs of the Riemann invariants can be determined explicitly so that a 
complete solution is thus possible for simple wave flow. From the character- 
istic system a relation, which is a well-known consequence of the assumption 
of perfect conductivity, between the induction and the local sound speed is 
obtained and used to reduce the governing equations from four to three. 
In order to bring the equations into close analogy with those of nonmagnetic 
fluids, a change of dependent variables is made which transforms the general- 
ized Riemann invariants into linear relations. Then, restricting the analysis 
to small entropy variations and linearizing the basic equations in the neigh- 
borhood of the known (isentropic) simple wave leads to a system of linear 
equations with the same characteristic surfaces as the original system, and a 
solution is obtained through the use of techniques developed in [2]. 
II. FORMULATION OFTHEPROBLEM AND SOLUTIONFORAN 
INITIALLY UNIFORM FLOW 
The one-dimensional nonsteady motion of an ideal, inviscid, perfectly 
conducting monatomic compressible fluid, subjected to a transverse magnetic 
field, i.e., the inductionB = (0, 0, B), is governed by the system of equations: 
3% + ut -I- uu, f bZB, 9% --= B IOC, 
0 
Bt + uB, + Bu, = 0 
77t +u1z =o 
(2) 
where U, C, r), p, ba = B2/pp, and p are, respectively, the particle velocity, 
104 speed of sound, specific entropy, density, square of the Alfvtsn speed, 
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and permeability. Partial derivatives are denoted by subscripts, and all 
dependent variables are functions of x and t alone. See ref. 1. 
The characteristics of this system are: 
dx 
~=u,u+w,u-w 
where w = (c2 + b2)lj2 which corresponds to the limiting case of a fast wave. 
A derivation of the characteristic form of the system of equations (l)-(4) is 
given in the Appendix. For isentropic flow, the characteristic system may be 
written as: 
xfi - (u + w) t/j = 0 (5) 
x, - (24 - w) t, = 0 (6) 
x, - uta = 0 (7) 
(w2 -Bc2’ BB + wup + 3cc, = 0 
(a” - 4 Ba _ 
B 
wua + 3cc, = 0 
with characteristic parameters (a, p, I). 
From Eq. (lo), it is clear that the quantity B/C? is constant along each 
particle path, and for a constant state it follows that this quantity is constant 
throughout the flow. Further, since a simple wave must necessarily be adja- 
cent to a constant state from whence the particle paths originate, it follows 
that B/t? is constant throughout the simple wave flow also. Hence, in a con- 
stant state or a simple wave, Eq. (8) and (9) may be written as: 
3wcg 
u,+~==o 
-u.+?+l 
Since p = r&j, B = rrcs with constants Y, and y2, 
where k is by definition r$pr2 so that 
w2 = ce(1 + kc) (13) 
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and Eqs. (11) and (12) may be integrated explicitly to yield: 
where ((Y, 8) may be considered as generalizations of the usual Riemann 
invariants. 
It is convenient to make a transformation of dependent variables so that 
relations (14) and (15) b ecome linear. This is effected by the substitution 
w = (w/c)3 (16) 
Then, noting that: 
c = (02’3 - 1)/k 
w = w~‘~(w~‘~ - 1)/k 
B,/B = 2v~,/d’~(w~‘~ - 1) (17) 
and introducing the change of variable (16) and the expressions for p and B 
in terms of Ca into the system (l)-(4) gives: 
(19) 
as the transformed equations corresponding to (1) and (2). Because of the 
third of relations (17), Eq. (3) is no longer necesary and consequently 
omitted. Adding and subtracting (18) and (19) gives two equations which, 
with (4), form the system to be utilized, namely: 
It should be recalled that the system (20)-(22) is valid for uniform or simple 
wave flows only. 
A formal linearization of the equations (20), (21), and (22), in the neigh- 
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borhood of a known isentropic solution denoted by the subscript zero, leads 
to the following system of linear equations for the term of first order, denoted 
by the subscript one: 
F + 7 + (u. + wo) (3 + -y 
+ (ul + q) (F + +) = 9* (23) 
-J&f 9 + @Jo - (+) (+ - +) 
+ (ul - (+) (+ - +) = - %?g (24) 
771t + %?h+ = 0 (25) 
According to (25), vr remains constant along the particle paths of the given 
flow, i.e., along dx/dt = us. Since po(dx - u,dt) is the exact differential of a 
function (cl0 such that $,, equated to a constant defines the particle paths, the 
solution of (22) may be written as: 
71 = wo,) (26) 
with ran arbitrary function. It is convenient to define a new function T,,(x, t) 
by 
9~0”~~~ = 9c~,o,~‘(lcI,) = IOc,T, (27) 
Then introducing the functions 
noting that by the use of (14), (15), and the definition of v, 
are the characteristic parameters of the basic flow, and, since from the 
second of relations (17), 
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it follows that 
Yl+O1=~-;-(R+S)&’ 
0 
Ul -wl=;-y+(R+S)6$, 
0 
so that Eqs. (23) and (24) may be written as: 
R,+(uo+wo)~ z + [3R---(R+S)c~/3w~1~~, 2 2 cm 
St + (uo - wo) & + LR - 3s + CR + s)c~/3w3BZ = 2 
: (29) 
A perturbation such that the perturbed flow remains isentropic corresponds 
to a solution of the homogeneous linear system (To = 0) associated with (28) 
and (29), and for an initially uniform flow, OL and fi are constants and the 
homogeneous system admits the following general solution in terms of two 
arbitrary functions of one argument: 
R = F[x - (u,, + ~0) tl, S = G[x - (u. - wo) t] 
while for nonisentropic perturbed flow, from (26) and (27), To is a function 
of x - not and 
To = 2Q’(x - uot), R = s = Q(x - @) 
WO 
with Q an arbitrary function, is a particular solution. Since in general, 
ur = R - S, the above particular solution is one for which u1 = 0, i.e., the 
addition of an entropy perturbation affects w1 but not q. The general solution 
for the nonisentropic perturbation of an initially uniform flow is given by: 
R = F[x - (uo + ~0) tl + Qb - uotl w. 
S = G[x - (u. - wo) t] + Q’xw; ‘@I 
To = 2Q’[x - uot] 
III. ISENTROPIC PERTURBATION OF A CENTEREZD SIMPLE WAKE 
The primary concern of the paper is, however, with simple wave flows 
and for such only one of the characteristic parameters of the basic flow 
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remains constant. Suppose the wave is centered at the origin and character- 
ized by j3 = pa, a constant. On each characteristic dx/dt = u. + w,,, 
(~a, c,, B,) are constant, and these characteristics are straight lines in the 
(x, t) plane. The wave may be represented by: 
x = (110 + wo) t (30) 
1 = PO (31) 
For example, if the wave is generated by the impulsive withdrawal of a 
piston in a tube filled with gas initially at rest, & = (1 + k~,J*‘~/k where cr 
is the stagnation sound speed. 
From the definition of the characteristic parameters and relations (17): 
110 = a - j?o (32) 
kc, = [k(a + #&)/2]“‘3 - I (33) 
w. _ a + PO Ha + AYS,)/~I~'~ 
2 k (34) 
X 3a A Ma + As,)/W'" -=---- 
t 2 2 k 
Relations (31)-(35) g ive an implicit representation of the flow parameters in 
the simple wave as functions of (x, t). 
Differentiating (35) with respect to x and using (33) and (16) gives: 
OL2 = [(SW; - ;),60,7 t 
Substituting (31)-(36) into (28) and (29) gives: 
XR 
R&+4- K3R/2) - (S/2) - CR + S) &41 _ To [(SW,” - $)/6w;] t - -?f- (37) 
St + (uo - wo) S, = - 7’,,/2 (38) 
Equations (37) and (38) will be solved by first considering the homogeneous 
system with T,, = 0 so that S may be determined directly from (38), and 
then R may be easily determined from (37). 
The characteristics of the homogeneous equation associated with (38) are : 
dS = 0 and ___ = dx dt 
uo - wo 
(39 
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or, from (30), 
dx 
;ii = ‘0 + “0 + 
Wuo + ~0) = u 
& 0 
_ w 
0 (40) 
Since from (13) and (15) 
u. + wo = co( 1 + Kc,)1’2 + 2( 1 + kco)3’2/k - 280 
Eq. (40) may be written as: 
? + ($ + 2(1: Kc,) 1 
dc, = 0 
which has the solution: 
t2c~(l + /~c,)l’~ = constant 
This relation may be written as: 
po~ot2 = constant (41) 
and it will be seen that this is a convenient representation of the curvilinear 
cross-characteristics of the simple wave. Since the two first integrals obtained 
from (39) are (41) and S = constant, the solution for S may be conveniently 
given by: 
s = 2(powo)“2 tF’(pocJJot2) 
where F is an arbitrary differentiable function. The form of solution in (42) 
is chosen to enable a simpler form for the solution for R. 
The characteristics of the homogeneous equation associated with (37) are: 
dt dx dR -x-y 
t x - R + (3~; + c;) S/(9$ - c;) 
A first integral from the first two ratios of (43) is 
x/t = constant 
i.e., the rectilinear characteristics. From the first and last ratios of (43) 
d(Rt)= (34 + 4) s 
dt 9w2 - c2 
0 0 
To integrate (45), the first integral (44) is employed, i.e., on x/t = constant, 
w. and co are constants, so that the solution of (45) may be written as: 
Rt _ t3d + 2) Fh%t2) = constant 
(94 - c:, bJo~o)1’2 
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Then the solution for R is: 
(46) 
where G is an arbitrary function. 
IV. NONISENTROPIC PERTURBATION OF THE SIMPLE WAVE 
Since the general solution to the homogeneous system associated with (37)- 
(38) has been found, viz., (42) and (46), the case of nonisentropic perturbed 
flow is reduced to finding a particular solution of (37)-(38). This is readily 
accomplished by choosing a convenient form for T&x, t). 
The particle paths are given by ~swst = constant or, more conveniently, 
by 
y = c2(1 + Kc)~‘*P~ = constant (47) 
Then, from (27), the definition of To is given by 
To = gfOd~($O) = (POwOtc&Ot) gr’(&,) 
1% lOc, 
so that it is convenient to write 
To = 2iotY> ---Z 
wOt t(l + kcp2 
(48) 
(49) 
where D is an arbitrary differentiable function. Equation (49) has the same 
content as Eq. (48). 
Then the particular solution for S is obtained from the equation: 
St + (%J - WI)) s, = - COWY) t(1 + Rco)l’2 
i.e., from the ratios: 
dt dx dS -=-= 
1 uo - wo - cosa’(y)/t( I + Kco)1’2 
The integral of the first two ratios of (50) is given by (41) or by 
c,(l + ko)l’W2 = u 
with u a constant. 
(50) 
(51) 
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Then, from the first and last ratios of (50) (after replacing cs by its equi- 
valent from (51)): 
as 
dt= [ a(1 
Integration (52) and performing an integration by parts gives the result: 
S-y!C.J(-&) +$~P($)d(&‘“) =constant (53) 
Thus, from the two first integrals (51), (53), the solution for S is: 
where the notation{ }a denotes that the quadrature is to be carried out with 
constant u which must then be replaced by its equivalent from (51) to give 
the particular solution for S. 
Similarly, the particular solution for R is: 
R = %QY) 
“OY [ 
3W2, + c; ___- 
(9oJi - c;) t III Ql(X, q df I a/ t-a
2 
+ [(g~~~!z~o~;~~l,2 l/S .n[c2( 1 + kc)W’2] dt p/2 I (55) e/t-a 
where the notation { )z,t=a denotes that the quadrature is to be carried out 
with x/t considered constant and then considering it variable to obtain the 
solution (55). 
The general solution for the nonisentropic perturbation of the centered 
simple wave is given by (42) and (46) with the addition of the particular 
solutions (54) and (55). 
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APPENDIX 
An outline of the Courant-Friedrichs method [3] for obtaining the non- 
isentropic characteristic equations corresponding to (5)-(10) from the basic 
hydromagnetic equations (l)-(4) will be given here. 
If Eqs. (I), (2), (3), (4) are multiplied by vr, ~a, vs, and vq, respectively, the 
resulting equations added, and it is then required that the derivatives of u, c, 
B, and 77 enter only as directional derivatives with respect to u, there results 
V1Ct + (q + 34 4 = c,J (A-1) 
vt + (43 + uv2 + BvJ u, = u, (44.2) 
vsB,+ ( 
Bvz -++v3 B,=B, 
l-v 1 
( 9c'v, v4rlt + v4u - 1oc, 1 ‘1X = 71, 
From (A.l)-(A.4): 
*ST uv, + 3cv, = (43) + uv2 + Bv, 
t,= Vl v2 
= V3v2/w) + uv3 = uv4 - Pc2v2/WJ 
(A-5) 
v3 v4 
The equations (A.5) lead to the following three independent relations for 
nonvanishing vi ( j = 1,2,3,4) 
9cv; = cv; + 3Bv,v, A.6) 
3cv3 = Bv&p (A-7) 
lOC& = - 3cv, (A-8) 
If v2 = 0, then (A.5) leads to two relations when v4 is arbitrary but vr, v3 do 
not vanish. Thus 
v2 - 0, clvl + 3Bv, = 0 (-4.9) 
The cases when vr and/or v3 and/or v4 vanish lead to no new equations. If the 
variable 
w = [c" + (B"/~p)]"" 
is introduced, then after eliminating v3/vl in (A.6) by use of (A.7), the follow- 
ing two relations are obtained 
v2 = wvJ3c (A. 10) 
v2 = - WVJ3C (A.11) 
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Thus, there are three basic types of relations fw vi which follow from Eq. (AS): 
(1) the equations (A.7), (A.8), and (A.lO); (2) the equations (A.7), (A.8), and 
(A.ll); (3) the equations (A.9) with vq arbitrary. From (AS), it is seen that 
if the curves of the above three families are parameterized by j3 = variable, 
CL = variable, 5 = variable, respectively, then 
x0 = (u + w) t)4 (A.12) 
x, = (u - w) t, (A.13) 
XE = uta (A.14) 
Thus (A.12), (A.13) are the C, and C- characteristics and (A.14) are the 
streamlines. 
Now, returning to Eq. (l)-(4) an multiplying them respectively by vl, vz, d 
us, and uq, adding them, and using the relations (A.7), (A.8), (A.lO), and 
(A.12), gives 
3ccg .+ wuB + b” -i2’ 43 - +g!E = 0 (A.15) 
1) 
Similarly, by use of (A.7), (A.8), (A.ll), and (A.13), there results 
Finally, by use of (A.9) and (A.14) 
3CE BE ---= 
C B ’ 
The equations (A.15)-(A.17) and 
‘76 = 0 
or the equation (4) are the characteristic forms of (l)-(4). 
(A.17) 
(A.18) 
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